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Motivated by the Kohn–Nirenberg domain, J.E. Fornæss considered the germ of a domain
near the origin in C2 such that
Ωt =
{
(z,w) ∈C2: Rew + |zw|2 + |z|6 + t|z|2 Re(z4)< 0}
to study the holomorphic peak function that is smooth up to the boundary (Fornæss,
1977 [6]). J.E. Fornæss proved that for 1 < t < 9/5 the domain Ωt does not admit
a holomorphic function on Ωt that is C1 up to the boundary and that peaks at the
origin. We deﬁne Π(z,w) = (ei π2 z,w). In this paper, we prove that for 1 < t < 9/5, the
automorphism group of Ωt is equal to the set {Πk: k = 1,2,3,4}.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
For a complex manifold, the set of biholomorphic self maps forms a group under the law of composition, which is called
the automorphism group. Equipped with the topology of uniform convergence on compact subsets, this group becomes a
topological group. It is a holomorphic invariant in the sense that it is preserved by a biholomorphic mapping. On the other
hand, for a complex manifold or even more speciﬁcally a domain (i.e., an open and connected subset) in the complex
Euclidean space Cn , the explicit description of its automorphism group is often rather diﬃcult and in most cases unknown.
Thus the computation of the automorphism group of some manifolds and/or domains that appear frequently in the research
of complex analysis and geometry appeals to us as an important subject.
The purpose of this article is to describe holomorphic automorphism groups of domains of Kohn–Nirenberg type. The
Kohn–Nirenberg domain [8] is the domain ΩKN in C2 deﬁned by the inequality
Rew + |zw|2 + |z|8 + 15
7
|z|2 Re(z6)< 0.
The historical importance of this particular domain is that it deﬁnes a domain with real-analytic smooth boundary that is
Levi pseudo-convex everywhere but cannot be made convex up to a biholomorphic transformation. In [4], we demonstrated
that the automorphism group of this domain consists precisely of the maps
(z,w) → (ekπ i/3z,w) (k = 0,1, . . . ,5),
making itself isomorphic to the ﬁnite group of order 6 consisting of 60◦-rotations.
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experts in the audience asked whether the method developed in [4] can be applied to computing the automorphism group
of other, but similarly deﬁned, domains such as the domain deﬁned by J.E. Fornæss in [6]:
Ωt =
{
(z,w) ∈C2: Rew + |zw|2 + |z|6 + t|z|2 Re(z4)< 0},
where 1 < t < 9/5. This article responds to the question, and provides a general answer.
However, this article is not a mere repetition of applying the method of [4]; it has several notable technical advance-
ments. Perhaps the most noticeable improvement is the following: the argument in [4] was relying upon the fact that the
coeﬃcient 15/7 appearing in the deﬁning function is rational, but the new method in this article can deal with the general
real value t . Indeed in the case of the Kohn–Nirenberg domain the coeﬃcient 15/7 can be any close-by real number in order
to ensure the non-convexiﬁability of the domain at the origin—but our old method could not deal with the automorphism
group in such cases. Also, the method of proof is much more streamlined in this article that the argument as a whole is
more concise and direct. As a demonstration, we present the following general theorem:
Theorem 1.1. Let n be a positive integer and t be a real number satisfying 1 < |t| < (n+1)22n+1 . The domain Ωn,t is deﬁned by
Rew + |zw|2 + |z|2n+2 + t|z|2 Re(z2n)< 0.
Then the automorphism group of Ωn,t is equal to the set{
Πn
k
∣∣ k = 1,2, . . . ,2n},
whereΠn(z,w) = (ei πn z,w) andΠnk is the k-times function composition ofΠn. Therefore, it is compact and a cyclic group of order 2n.
Notice that this theorem includes the previous results.
Corollary 1.2. The automorphism group of ΩKN is generated by the map (z,w) → (ei π3 z,w). Therefore, it is compact and a cyclic
group of order 6.
Corollary 1.3. For 1 < |t| < 9/5, the automorphism group of Ωt is generated by the map (z,w) → (ei π2 z,w). Therefore, it is compact
and a cyclic group of order 4.
The paper is organized as follows. Section 2 is devoted to the computation of the automorphism group of the Fornæss
domain. In Section 3, we will prove Theorem 1.1 base upon the generalization of result in Section 2.
2. The automorphism group of the Fornæss domain
Let O = (0,0) be the origin of C2 and let f be an automorphism of Ωt . The notation f (O ) = O means that there is a
sequence of points q j ∈ Ωt converging to the origin such that
lim
j→∞
f (q j) = O .
In this case, we say that the automorphism f preserves the origin.
Let HO be the holomorphic tangent space at O to the boundary of Ωt . To follow the proof of the Kohn–Nirenberg
domain case in [4], it is needed the fact that the automorphism f with f (O ) = O preserves the subset HO ∩ Ωt .
2.1. The automorphism preserving the origin
Proposition 2.1. Let f be an automorphism of Ωt with f (O ) = O . Then there is an integer k such that f ≡ Πk, where Π(z,w) =
(ei
π
2 z,w).
Proof. Let ρ(z,w) = Rew + |zw|2 + |z|6 + t|z|2 Re(z4). Then ρ(z,w) is a deﬁning function for Ωt . By assumption, ρ ◦ f is
also a local deﬁning function near the origin. Thus there is a positive real-analytic function μ such that
ρ ◦ f ≡ μ · ρ. (2.1)
We restrict this to the holomorphic tangent space HO at the origin. Note that HO = {(z,0): z ∈ C}. The right-hand side
of (2.1)
μ(z,0)ρ(z,0) = μ(z,0)(|z|6 + t|z|2 Re(z4))
has no harmonic terms on HO ∩ Ωt . On the other hand, the left-hand side of (2.1)
ρ ◦ f (z,0) = Re( f2) + | f1 f2|2 + | f1|6 + t| f1|2 Re
(
f 4
)1
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means that f (HO ∩ Ωt) ⊆ HO .
Since the restriction f on HO ∩ Ωt is determined by f1, f1 should be an automorphism of HO ∩ Ωt . Note that HO ∩ Ωt
can be considered as a subset of C. So, f1 is one variable holomorphic function on HO ∩ Ωt . We know that there are no
orbits accumulating at the origin [3] and that f can be extended near the origin [2,5]. If∣∣∣∣∂ f1∂z (O )
∣∣∣∣< 1 or
∣∣∣∣∂ f1∂z (O )
∣∣∣∣> 1,
the iterated sequence of f converges to the origin. Since there are no orbits accumulating at the origin, this is a contradic-
tion. Thus we have
∂ f1
∂z
(O ) = eiθ .
Note that HO ∩Ωt is a disconnected subset of C whose boundary is composed of 4 straight lines passing through the origin.
Since these lines are preserved by f , we get θ = k π2 for some k. Deﬁne Φ := Π−k ◦ f . Letting Φ = (Φ1,Φ2), we obtain that
∂Φ1
∂z
(O ) = 1 and Φ1(O ) = O .
By Schwarz Reﬂection Principle, we have that Φ1 is an identity map and Φ(z,0) = (z,0) for all (z,0) ∈ HO ∩ Ωt .
Now, we want to apply Cartan’s Uniqueness Theorem to prove that Φ is the identity map. In order to apply it, we need
to take derivative of Φ at points (z,0). We consider the derivative of Φ at the HO such that
dΦ(z,0) =
(
a(z) b(z)
c(z) d(z)
)
.
From Φ(z,0) = (z,0), we can see that a(z) ≡ 1 and c(z) ≡ 0. Since all points in HO ∩ Ωt are ﬁxed points of Φ , d(z) has
modulus 1 for all z. By Maximum Principle, d(z) is identically equal to 1.
Note that Ωt is complete hyperbolic by [7,1]. By this fact and Φ(q) = q for all q ∈ HO ∩ Ωt , the sequence Φn has a
convergent subsequence whose limit is in Aut(Ωt). This implies that b(z) = 0. If not, then we have that
dΦn(z,0) =
(
1 nb(z)
0 1
)
has no convergent subsequences. This is a contradiction to the fact that dΦn(z,0) has a convergent subsequence whose
limit is ﬁnite.
Now we can apply the Cartan’s Uniqueness Theorem at one point p ∈ HO ∩ Ωt . We obtained that Φ is the identity map.
By the deﬁnition of Φ , we ﬁnally get that f is identically equal to the Πk . 
2.2. The automorphism not preserving the origin
In this section, we will prove the following:
Proposition 2.2. If f is an automorphism of the Fornæss domain, then f preserves the origin.
By this proposition, we can ﬁnish the proof of Corollary 1.3. The proof in this section is the same technique in [4]. For
the completeness of article, we add this technique.
Note that Ωt \ B(O , R) is composed of ﬁve connected components, where B(O , R) is a ball centered the origin with
radius R > 100. Let U be a connected component of Ωt \ B(O , R) such that its image of the projection to the z-coordinate
is bounded. We see that the other four components have the same geometric structure by the automorphism Π . We call
these components by L j, j = 1, . . . ,4, in counterclockwise.
Note that the D’Angelo type of all boundary points is 2 except the origin. If f does not preserve the origin, by the
invariance of the D’Angelo type, we may assume that
lim
j→∞
∣∣ f (a j)∣∣= ∞,
for each sequence of points a j ∈ Ωt converging to the origin. In this case, we write f (O ) = ∞ for convenience. We say that
f goes to inﬁnity along L1 if f (O ) = ∞ and f (a j) ∈ L1.
The following two lemmas are needed for the proof of Corollary 1.3.
Lemma 2.3. Let f , g be automorphisms of the Fornæss domain. Suppose that both of them go to inﬁnity along the component L1 . Then
f −1 ◦ g preserves the origin.
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f ◦ Πn ≡ Πk ◦ f .
Then f preserves the origin.
Proof. Expecting a contradiction, assume that f is an automorphism with f (O ) = ∞. In the previous observation, there are
ﬁve unbounded components of Ωt \ B(O , R).
First, suppose that there is a sequence of points a j ∈ Ωt converging to the origin such that f (a j) is contained in U . This
means that f1(a j) converges to zero and f2(a j) goes to inﬁnity, where f = ( f1, f2).
Deﬁne Ψ (z,w) = (z, 1w ). The map Ψ ◦ f is well deﬁned near the origin and
lim
j→∞
Ψ ◦ f (a j) = O .
The deﬁning function for Ψ ◦ f (Ωt ∩ B(O , ε)) is
Rew + |z|2 + |w|2(|z|6 + t|z|2 Re z4)< 0.
Note that Ψ ◦ f is a local biholomorphism at the origin. This map can be locally extended to the boundary. Since the
D’Angelo type does not match, this is a contradiction.
For the other case, we may assume that the path of f (a j) is lies in L1 by Π . Deﬁne h = f ◦ Π2 ◦ f −1. Then h is an
automorphism with h2 = Id. If h(O ) = O , then h = Πn by Proposition 2.1. This means that f ◦ Π2 = Πn ◦ f . By Lemma 2.4,
we have f (O ) = O . This is a contradiction. Hence we get that h(O ) = ∞. By the same technique, we can show that
h ◦ Π ◦ h(O ) = ∞.
We can assume that the path of h ◦ Π ◦ h(O ) is in Lk , for some k. Also, we can assume that h(O ) lies in L1. Then the
path of Πk−1 ◦ h(O ) is in Lk . By Lemma 2.3, (h ◦ Π ◦ h)−1 ◦ Πk−1 ◦ h preserves the origin. By Proposition 2.1, h ◦ Π ◦ h ≡
Πk−1 ◦ h ◦ Πn . We can apply the same technique to h ◦ Π j ◦ h for j = 2,3. We have the following relations
h ◦ Π j ◦ h ≡ Πk j ◦ h ◦ Πn j . (2.2)
Now, we consider the subgroup H generated by Π and h. Then H = {Πn ◦ h j ◦ Πk: n,k = 1, . . . ,4 and j = 1,2}. Note
that if Πn ◦ h ◦ Πk ≡ Πm ◦ h ◦ Π l , then n ≡m mod 4 and k ≡ l mod 4. This can be achieved by Lemma 2.4. The order of the
group H is 4× 5.
By Cauchy’s Theorem, there is an element g ∈ H whose order is 5. Since g ∈ H , we can represent g as Π l ◦ h ◦Πm . Thus
we get a relation
g ◦ Π ◦ g ≡ Πn ◦ g ◦ Πk (2.3)
by the above relation (2.2) of h. Note that g preserves U .
We consider g˜ = Ψ ◦ g ◦ Ψ −1, where Ψ (z,w) = (z, 1w ). Then g˜ is a local biholomorphism of the domain deﬁned by
Rew + |z|2 + |w|2(|z|6 + t|z|2 Re z4) < 0 at the origin. Since the order of g˜ is ﬁve, the differential of g˜ at the origin is a
rotation in the direction of the z-coordinate. The rotation angle is 2π5 .
Since Ψ ◦ Π ◦ Ψ −1 ≡ Π , by the relation (2.3), we obtain that
g˜ ◦ Π ◦ g˜ ≡ Πn ◦ g˜ ◦ Πk.
This implies that the rotation angle is a multiple of π2 . This is a contradiction. 
3. Automorphism groups of Kohn–Nirenberg type domains
The Proposition 2.1 can be generalized to the domain Ωn,t by the same way.
Proposition 3.1. Let f be an automorphism of Ωn,t with f (O ) = O . Then there is an integer k such that f ≡ Πnk, where Πn(z,w) =
(ei
π
n z,w).
The proof is same as the proof of Proposition 2.1.
Proposition 3.2. If f is an automorphism of the domain Ωn,t , then f preserves the origin.
Proof. Suppose that f be an automorphism with f (O ) = ∞. Since two Lemmas 2.3, 2.4 can be generalized by the same
way, the map h := f ◦ Πnn ◦ f −1 satisﬁes a kind of commutative relations between h and Πn such that
h ◦ Πn j ◦ h ≡ Πnk j ◦ h ◦ Πnl j . (3.1)
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that if Πnk ◦ h ◦ Πnl ≡ Πnα ◦ h ◦ Πnβ , then k ≡ α mod 2n and l ≡ β mod 2n. This can be achieved by Lemma 2.4. The order
of the group H is 2n(2n + 1).
We can choose a prime number p such that p divides 2n + 1. By Cauchy’s Theorem, there is an element g ∈ H whose
order is p. Since g ∈ H , we can represent g as Πnl ◦ h ◦ Πnm . Thus we get a relation
g ◦ Πn ◦ g ≡ Πnk ◦ g ◦ Πnl (3.2)
by the above relation (3.1) of h.
We consider g˜ = Ψ ◦ g ◦ Ψ −1, where Ψ (z,w) = (z, 1w ). Then g˜ is a local biholomorphism of the domain deﬁned by
Rew + |z|2 + |w|2(|z|2n+2 + t|z|2 Re z2n) < 0 at the origin. Since the order of g˜ is p, the differential of g˜ at the origin is a
rotation in the direction of the z-coordinate. The rotation angle is 2πp .
Since Ψ ◦ Πn ◦ Ψ −1 ≡ Πn , by the relation (3.2), we obtain that
g˜ ◦ Πn ◦ g˜ ≡ Πnk ◦ g˜ ◦ Πnl.
This implies that the rotation angle is a multiple of πn . This implies that p divides 2n. Note that p divides 2n + 1. Hence,
p divides 1. This is impossible. 
Remark 3.3. The condition |t| > 1 guarantees that HO ∩ Ωn,t = ∅. We need the condition |t| < (n+1)22n+1 for the pseudo-
convexity of Ωn,t .
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